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Outline

eBilevel optimisation

o| inear Bilevel problems
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Bilevel optimization:
what is it and a bit of history
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Bilevel Optimization Problem

max  f(x,y)
.y
S.t. (x,y) € X
y € S(x)
where S(x) — argimax 9(557 y)
y
s.t.(x,y) €Y
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Adequate framework for
Stackelberg game

e | eader: 1st level,
e Follower: 2nd level,

|_eader takes follower’s optimal

reaction into account. Heinrich von Stackelberg
(1905 - 19406)
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First OR paper on bilevel
optimization

Bracken & McGill (Op.Res.1973): First bilevel model,
structural properties, military application.

Mathematical Programs with Optimization Problems

in the Constraints

Jerome Bracken and James T. McGill
Institute for Defense Analyses, Arlington, Virginia

(Received October 5, 1971)

This paper considers a class of optimization problems characterized by con-
straints that themselves contain optimization problems. The problems in the
constraints can be linear programs, nonlinear programs, or two-sided optimiza-
tion problems, including certain types of games. The paper presents theory
dealing primarily with properties of the relevant functions that result in convex
programming problems, and discusses interpretations of this theory. It gives
an application with linear programs in the constraints, and discusses computa-
tional methods for solving the problems.
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Applications

e-conomic game theory
eProduction planning
eRevenue management

® Security
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Linear bilevel problems:

MINOA-TRR154- February 2021



L inear BP: maybe the
simplest ones

min cr + dy

z,Y
s.t. Ax + By > a
min  fy
Y
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Example of linear BP

max Jix + fa2y

T,y
S.t. max g1 + g2y
7 XY2
s.t.(z,y) € XY?2 19
> X

~—_|nducible region (IR)
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Coupling constraints

The follower sees only the second level constraints

Ay ______________ \Q _______ max fiz+ fa2y
} v XY1 Sy.t. re X
(x,y) € XY1
XnXY2 max g,z T g2y
_T_gx s.t.(z,y) € XY?2
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HIgh point relaxation

max fix + fay

S.t. re X
(x,y) € XY1

max giT + g2y
Y

s.t.(x,y) € XY2

X NXY1N XY2 = High Point Relaxation (HPR)
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Understanding the model: example
The shortest path interdiction problem

B,

E

/\\ CJ
/ ’KD\'/(

——

Interdict set S of at most K arcs in order to maximize
length of shortest path from sto tin (V, A/S)

oxi=11f (i,]) Is Interdicted
ovi = 11f (i,]) belongs to (shortest) path
.Ny — 6
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The shortest path interdiction problem

max cy
T,y
S.t. ex < K
r 40,1}
min cy
Y
s.t. Ny=09
r+y<e
y >0

MINOA -TRR154 - February 2021 14



The shortest path interdiction problem

max cy
T,y
S.t. ex < K
re{0,1}™
min cy
Y
s.t. Ny =
r+y<e
y >0

max
L,y

S.1.

(c+ Mx)y

ex < K
re{0,1}™

min (c+ Mx)y
Y

s.t. Ny=29
y >0
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0/1 Programming is a special case of BLO
(Audet et al. 1997)

re€{0,1} v=0and v =argmax{w: w<z,w<1-—x,w >0}

w
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0/1 Programming is a special case of BLO
(Audet et al. 1997)

r € {0,1} (:)andv:argmax{w:wgw,w <1—zw>0}

a3 Coupling constraint

wW
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min
T,y
S.1.
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L Inear BP

cr + dy
Axr+ By > a
min fy

Y

s.t. Cx+Dy>0b
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| Inear BP

e | inear BP is strongly NP-hard (Hansen et al. 1992):
Kernel reduces to linear BP.

oMILP is a special case of Linear BP
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L Inear BP

(Blalas & Karwan(1982), Bard(1983)).

e R is the union of faces of HPR

*|R is connected if there is no coupling constraint

o|f Linear BP is feasible, then there exists an optimal
solution which Is a vertex of HPR.

» K-th best algorithm
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Linear BP- single level
reformulation

min cx + dy

min cx + dy

z S.t. Ax + By > a
S.t. A:f[:%—ByZa DyZb—CZE
min fy,
Y AD = f
st. Dy>b—Cx ()
AMDy—b+Cz) =0
A>0

e Branch & Bound (Hansen et al.1992)

=)
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e Branch & Cut (Audet et al. 2007)




L Inear BP

mign cx + dy min cx + dy
s.t. Az + By > a 5.1 Ar+ By > a
Dy >b—Cx Cr+ Dy =>b
AD = f AD = f
AMDy—-b+Cz) =0 A >0
A >0 A< M,z
- Cx+ Dy <b+ M,(1—z2)
ze€{0,1}™

Fortuny-Amat, McCarl (1981)
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min
€T

S.1.
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L Inear BP

cx + dy

Ax + By > a
Cx+ Dy >0

AD = f

A>0

A< Mgyz

Cx+ Dy <b+|My(1— z2)

z2€4{0,1}™ Often avajlable
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| inear BP: valid big M

Trial-and-error tuning procedure:
eChoose some arbitrary values for My and Mg

eSolve the MIP

o|f some My or Mg appear in “active”
constraints, iIncrease them and iterate.
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| inear BP: valid big M

Pineda and Morales (2018): This trial-and-error method is

wrong
max z=x-+vy rﬁax Z=IT+Y
z€R z€ER,yeR
s.at. 0< <2 s.t. 0< <2
min y y >0
" r—0.0ly <1
S.L. yZO (Al) £ — U y_
Ala/\2 Z 0
Al S 'lLlMlD
y < (1 —uy) MY’
Ao < uzMzD
—z+0.01ly+1< (1 —up)MS
ul, U2 € {0,1}
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| inear BP: valid big M

max z=ITr+y
zeR,yeR

st. 0< <2
y=>0
r—001ly <1
om0 D2 s bounded: Ap < 1, Mg < 100
1, 1\2 —

/\1§u1M1D

y < (1—uy )M

Ao < ugMP

—z40.0ly+1 < (1 —ux) MY

uy,uz € {0,1}

The trial-and-error procedure stops for
ME = M =200, MP = MP =50

with a solution that is not optimal.
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|_inear BP: valid big Mg

e Upper boundonany A inD2={A > 0: AD = f}

e D2 |s often unbounded

e [N any feasible solL

- AT
- AT

s the optimal so
s a vertex of D2
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tion (x*,y*, A") to L
ution of an LP on

3P,

)2
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|_inear BP: valid big Mg

D2
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_inear BP: valid big Mq

(Kleinert, Labbé, Schmidt, Plein 2020)

Problem valid Mq: given A, b, M
Question: is xi < M for every vertex x of Ax < b ?

Strongly co-NP complete

lts complement:
Question: does it exists a vertex x of Ax < b such that
Xi < M?

Strongly NP-complete
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L iInear BP: reformulation
using strong duality

ngn cr + dy mwin cx + dy
s.t. Ax + By > a S.t. Az + By > a
myinfy, Dy>b—Cx
st. Dy>b—Cx (N AD = f
A>0
fy <A - Cxz)
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Linear BP: a valid Primal-Dual

iInequality
(Kleinert, Labbé, Schmidt, Plein)

fy+ACxz — Ab <0

C; =minC; z s.t. (z,y, ) is ‘feasible’

1
X

* Valid linear inequality: fy +C~x — Ab <0
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Linear BP: a valid Primal-Dual

iInequality
(Kleinert, Labbé, Schmidt, Plein)

fy+ACz — Ab <0
McCormick (1976) envelopes: zi = X\i(C; x)

f?J-FZZi—)\bSO

2 > N Cix+ NCr—\TCOF

23 Z )\Z_C@Q’J -+ )\iCZ-_ — )\i—Ci_
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FIGURE 4. Log-scaled performance profiles for branch-and-bound
nodes (left) and running times (right) over all remaining instances.

MINOA -TRR154 - February 2021 33



10 summarize

e\lodel correctly your problem
eBeware of fake news
B[ P’s are difficult to solve

o\Vide open field of investigation
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