
Linear bilevel optimitization:  
overview and recent results 

Martine Labbé 

Computer Science Department 
Université Libre de Bruxelles 

INOCS Team, INRIA Lille

MINOA-TRR154- February 2021
1



Outline
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•Bilevel optimisation 

•Linear Bilevel problems 



Bilevel optimization:
what is it and a bit of history

MINOA -TRR154 - February 2021 3



Bilevel Optimization Problem
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max
x,y

f(x, y)

s.t. (x, y) 2 X

y 2 S(x)

where S(x) = argmax
y

g(x, y)

s.t.(x, y) 2 Y

4



Adequate framework for 
Stackelberg game
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• Leader: 1st level, 

• Follower: 2nd level, 

• Leader takes follower’s optimal  

  reaction into account.

5

Heinrich von Stackelberg 
(1905 - 1946)



First OR paper on bilevel 
optimization
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Bracken & McGill (Op.Res.1973): First bilevel model,  
structural properties, military application. 

 Mathematical Programs Zith Optimi]ation Problems

 in the Constraints

 Jerome Bracken and James T. McGill

 Institute for Defense Anal\ses, Arlington, Virginia

 (Received October 5, 1971)

 This paper considers a class of optimi]ation problems characteri]ed b\ con-

 straints that themselves contain optimi]ation problems. The problems in the
 constraints can be linear programs, nonlinear programs, or tZo-sided optimi]a-

 tion problems, including certain t\pes of games. The paper presents theor\
 dealing primaril\ Zith properties of the relevant functions that result in conve[
 programming problems, and discusses interpretations of this theor\. It gives

 an application Zith linear programs in the constraints, and discusses computa-
 tional methods for solving the problems.

 THE STANDARD mathematical program can be stated as finding a vector

 [ = ([I, *, [) to
 minimi]e f ([) (1)

 subject to

 gi([) > ri, (i= I, m) (2)

 Zhere the functionsf() and gi() are real-valued, and r = (ri, *.., rm) is a specified
 vector of scalars. If f (.) is a conve[ function and gi ( ) is a concave function for
 i= 1, , m, then the problem given b\ (1) and (2) is called a conve[ program.

 Usuall\ the right-hand-side vector r is considered to be a specified constant.
 More generall\, this vector can be taken to be a parameteri]ation of the mathe-
 matical program. For the class of problems treated herein, the vector r Zill be a
 variable used to link a nested hierarch\ of mathematical programs. In general,
 the vector r Zill be confined to some set of values of interest, denoted b\ R.

 The constraint set given in (2) can be more generall\ defined, for an\ rER, as

 S (r) = I[:gi ([, r) _O, i= 1, , . ml. (3)

 The mathematical programming problem can be restated as one of finding a vector

 [ in the set S (r) that minimi]es f ([). The vector r, then, parameteri]es the pro-
 gram. As r varies over a set of values R, the minimal value of the objective
 function ma\ also var\. EVANS AND GOULD [31 give conditions for Zhich the
 variation of the minimum is a continuous function of r. ROCKAFELLAR[71 also
 considers the continuit\ problem for conve[ programs, using conjugate function
 theor\. He also shoZs that the variation of the minimum is a conve[ function of r
 for certain t\pes of parameteri]ations [reference 6, p. 174].

 Section I presents a formulation of mathematical programs Zith optimi]ation
 problems in the constraints; Lemmas 1 and 2 there give conditions guaranteeing
 that the optimal value of the objective function of certain parameteri]ed mathe-
 matical programs is concave. These results are applied to the constraints of the

 37
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Applications
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•Economic game theory 

•Production planning  

•Revenue management 

• Security 

•… 



MINOA-TRR154- February 2021
8

Linear bilevel problems:
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Linear BP: maybe the 
simplest ones

9

<latexit sha1_base64="iWsOprazVd76znna9YlxgwPrRL0="></latexit>

min
x,y

cx+ dy

s.t. Ax+By � a

min
y

fy

s.t. Cx+Dy � b
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Example of linear BP
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XY2
g

Inducible region (IR)

f

x

y

OS

<latexit sha1_base64="SxfefAwM66tkTJIKQFgSwbWpDYQ="></latexit>

max
x,y

f1x+ f2y

s.t. max
y

g1x+ g2y

s.t.(x, y) 2 XY 2
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Coupling constraints

11

The follower sees only  the second level constraints 

X∩XY2
g

f

x

y

XY1

<latexit sha1_base64="4P5gTkz7jZvBDND7DySpoPyA/5Y="></latexit>

max
x,y

f1x+ f2y

s.t. x 2 X

(x, y) 2 XY 1

max
y

g1x+ g2y

s.t.(x, y) 2 XY 2
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High point relaxation

12

g

f

x

y

X∩XY2

XY1

<latexit sha1_base64="4P5gTkz7jZvBDND7DySpoPyA/5Y="></latexit>

max
x,y

f1x+ f2y

s.t. x 2 X

(x, y) 2 XY 1

max
y

g1x+ g2y

s.t.(x, y) 2 XY 2

<latexit sha1_base64="CGzm3yScgQxohBmcdAweERi9cCk=">AAACHHicbVDLSsNAFJ3UV62vqEs3g61QNyWpiG6EopsuY7FtpA1lMp20QycPZiZiCf0QN/6KGxeKuHEh+DdO0wjaemDgcM65zL3HjRgV0jC+tNzS8srqWn69sLG5tb2j7+61RBhzTJo4ZCG3XSQIowFpSioZsSNOkO8y0nZHV1O/fUe4oGFwI8cRcXw0CKhHMZJK6uknJRt2MYqgfWv+kGoJXsA6HQyhFdJAwgZh6D7Nw3Ldahz39KJRMVLARWJmpAgyWD39o9sPceyTQGKGhOiYRiSdBHFJMSOTQjcWJEJ4hAako2iAfCKcJD1uAo+U0odeyNVTy6Tq74kE+UKMfVclfSSHYt6biv95nVh6505CgyiWJMCzj7yYQRnCaVOwTznBko0VQZhTtSvEQ8QRlqrPgirBnD95kbSqFfO0YlxXi7XLrI48OACHoAxMcAZqoA4s0AQYPIAn8AJetUftWXvT3mfRnJbN7IM/0D6/AUU/nmk=</latexit>

X \XY 1 \XY 2 = High Point Relaxation (HPR)
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Understanding the model: example 
The shortest path interdiction problem

Interdict set S of at most K arcs in order to maximize 
length of shortest path from s to t in (V, A/S)

•xij = 1 if (i,j) is interdicted 
•yij = 1 if (i,j) belongs to (shortest) path 
•Ny = 𝛅
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The shortest path interdiction problem

<latexit sha1_base64="0dSMNe8cSZ4ZgFSMIaiEfYSn2e0="></latexit>max
x,y

cy

s.t. ex  K

x 2 {0, 1}m

min
y

cy

s.t. Ny = �

x+ y  e

y � 0
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The shortest path interdiction problem

<latexit sha1_base64="R4z2mVuLPuMO+vOaCoQ0jMb8QM4="></latexit>

max
x,y

(c+Mx)y

s.t. ex  K

x 2 {0, 1}m

min
y

(c+Mx)y

s.t. Ny = �

y � 0

<latexit sha1_base64="0dSMNe8cSZ4ZgFSMIaiEfYSn2e0="></latexit>max
x,y

cy

s.t. ex  K

x 2 {0, 1}m

min
y

cy

s.t. Ny = �

x+ y  e

y � 0



0/1 Programming is a special case of BLO  
(Audet et al. 1997)
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x 2 {0, 1} , v = 0 and v = argmax
w

{w : w  x,w  1� x,w � 0}

XY2
x

w

x



0/1 Programming is a special case of BLO  
(Audet et al. 1997)
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x 2 {0, 1} , v = 0 and v = argmax
w

{w : w  x,w  1� x,w � 0}

XY2
x

w

x

Coupling constraint
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Linear BP

18

<latexit sha1_base64="iWsOprazVd76znna9YlxgwPrRL0="></latexit>

min
x,y

cx+ dy

s.t. Ax+By � a

min
y

fy

s.t. Cx+Dy � b
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Linear BP

19

• Linear BP is strongly NP-hard (Hansen et al. 1992):  
   Kernel reduces to linear BP. 

•MILP is a special case of Linear BP 
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Linear BP

20

• IR is the union of faces of HPR 
•IR is connected if there is no coupling constraint 
•If Linear BP is feasible, then there exists an  optimal 
solution which  is a vertex of HPR. 

(Bialas & Karwan(1982), Bard(1983)). 

K-th best algorithm
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Linear BP- single level 
reformulation

21

• Branch & Bound (Hansen et al.1992) 

• Branch & Cut (Audet et al. 2007)

<latexit sha1_base64="9W0gpVz0k7BZe0si0h6mJHvpPWo="></latexit>

min
x

cx+ dy

s.t. Ax+By � a

min
y

fy,

s.t. Dy � b� Cx (�)

<latexit sha1_base64="kzEyPAOfMwYLlgZ+EY9uF0if/KE="></latexit>

min
x

cx+ dy

s.t. Ax+By � a

Dy � b� Cx

�D = f

�(Dy � b+ Cx) = 0

� � 0
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Linear BP

22

Fortuny-Amat, McCarl (1981)

<latexit sha1_base64="kzEyPAOfMwYLlgZ+EY9uF0if/KE="></latexit>

min
x

cx+ dy

s.t. Ax+By � a

Dy � b� Cx

�D = f

�(Dy � b+ Cx) = 0

� � 0

<latexit sha1_base64="BSxwkh022sYUBo+sgvJTrc99bKQ="></latexit>

min
x

cx+ dy

s.t. Ax+By � a

Cx+Dy � b

�D = f

� � 0

�  Mdz

Cx+Dy  b+Mp(1� z)

z 2 {0, 1}m
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Linear BP

Often available 

<latexit sha1_base64="BSxwkh022sYUBo+sgvJTrc99bKQ="></latexit>

min
x

cx+ dy

s.t. Ax+By � a

Cx+Dy � b

�D = f

� � 0

�  Mdz

Cx+Dy  b+Mp(1� z)

z 2 {0, 1}m
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Linear BP: valid big M
Trial-and-error tuning procedure: 

•Choose some arbitrary values for Mp and Md 

•Solve the MIP 

•If some Mp or Md appear in “active” 
constraints, increase them and iterate. 

  



MINOA -TRR154 - February 2021 25

Linear BP: valid big M
Pineda and Morales (2018): This trial-and-error method is 

wrong
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Linear BP: valid big M

The trial-and-error procedure stops for 

<latexit sha1_base64="bBln+9/Hc6qtV1fUsiOK7JnKrHE=">AAACLHicbVDLSgMxFM3UV62vqks3wVZwIWWmIIqrYl24rGAf0Cklk7ltQzOZMckIZegHufFXBHFhEbd+h2k7grYeCBzOua8cL+JMadueWJmV1bX1jexmbmt7Z3cvv3/QUGEsKdRpyEPZ8ogCzgTUNdMcWpEEEngcmt6wOvWbjyAVC8W9HkXQCUhfsB6jRBupm69idzYkkeCPk5syZgp7YSx88K9w0eVmkk+6DnY5PGDnDP8o5VSx7eK4my/YJXsGvEyclBRQilo3/+r6IY0DEJpyolTbsSPdSYjUjHIY59xYQUTokPShbaggAahOMrtzjE+M4uNeKM0TGs/U3x0JCZQaBZ6pDIgeqEVvKv7ntWPdu+wkTESxBkHni3oxxzrE0+SwzyRQzUeGECqZuRXTAZGEapNvzoTgLH55mTTKJee8ZN+VC5XrNI4sOkLH6BQ56AJV0C2qoTqi6Am9oHc0sZ6tN+vD+pyXZqy05xD9gfX1DQOlpYs=</latexit>

D2 is bounded: �1  1,�2  100

<latexit sha1_base64="h4NKmzS08G8gqCL5WxGtTaCzG2U=">AAACHXicbVDLSgMxFM34rPU16tJNsBVcSMkUi26Eoi7cFCrYB/QxZNJMG5p5kGSEMsyPuPFX3LhQxIUb8W/MtLPQ1gvhHM65N7k5TsiZVAh9G0vLK6tr67mN/ObW9s6uubfflEEkCG2QgAei7WBJOfNpQzHFaTsUFHsOpy1nfJ36rQcqJAv8ezUJac/DQ5+5jGClJds8K9b6dduClzDFssYyQqewO705FnSQwLjWv7GttCGFCkqKtllAJTQtuEisjBRAVnXb/OwOAhJ51FeEYyk7FgpVL8ZCMcJpku9GkoaYjPGQdjT1sUdlL57ukMBjrQygGwh9fAWn6u+JGHtSTjxHd3pYjeS8l4r/eZ1IuRe9mPlhpKhPZg+5EYcqgGlUcMAEJYpPNMFEML0rJCMsMFE60LwOwZr/8iJplktWpYTuyoXqVRZHDhyCI3ACLHAOquAW1EEDEPAInsEreDOejBfj3fiYtS4Z2cwB+FPG1w84JZ2v</latexit>

MP
1 = MP

2 = 200,MD
1 = MD

1 = 50

with a solution that is not optimal.
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Linear BP: valid big Md

• Upper bound on any 𝛌 in D2= 

• D2 is often unbounded 

• In any feasible  solution (x*,y*, 𝛌*) to LBP,   
- 𝛌* is the optimal solution  of an LP on D2 
- 𝛌* is a vertex of D2 

<latexit sha1_base64="UuX/8CrM/k+hgz+OJuM2JzYU3W0=">AAACDHicbVDLSgMxFM34rPVVdekm2AquykxBFEEo6sJlBfuAzlAy6Z02NJMZk4xQhn6AG3/FjQtF3PoB7vwb03YEbT0QODnnXJJ7/JgzpW37y1pYXFpeWc2t5dc3Nre2Czu7DRUlkkKdRjySLZ8o4ExAXTPNoRVLIKHPoekPLsd+8x6kYpG41cMYvJD0BAsYJdpInUKx5KYuN/kuwW4P7rB9hn/uV/gcB+6oZFJ22Z4AzxMnI0WUodYpfLrdiCYhCE05Uart2LH2UiI1oxxGeTdREBM6ID1oGypICMpLJ8uM8KFRujiIpDlC44n6eyIloVLD0DfJkOi+mvXG4n9eO9HBqZcyEScaBJ0+FCQc6wiPm8FdJoFqPjSEUMnMXzHtE0moNv3lTQnO7MrzpFEpO8dl+6ZSrF5kdeTQPjpAR8hBJ6iKrlEN1RFFD+gJvaBX69F6tt6s92l0wcpm9tAfWB/fM7SZJw==</latexit>

{� � 0 : �D = f}
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Linear BP: valid big MdLinear BP: valid big Md

D2
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Linear BP: valid big Md 
(Kleinert, Labbé, Schmidt, Plein 2020)
Problem valid Md: given A, b, M 

Question: is xi ≤ M for every vertex x of Ax ≤ b ? 

Strongly co-NP complete

Its complement: 
Question: does it exists a vertex x of Ax ≤ b  such that  

xi ≤ M?

Strongly NP-complete
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Linear BP: reformulation 
using strong duality

<latexit sha1_base64="9W0gpVz0k7BZe0si0h6mJHvpPWo="></latexit>

min
x

cx+ dy

s.t. Ax+By � a

min
y

fy,

s.t. Dy � b� Cx (�)

<latexit sha1_base64="8F8vfJHHCmOzUsYXJpi4/mu7grM="></latexit>

min
x

cx+ dy

s.t. Ax+By � a

Dy � b� Cx

�D = f

� � 0

fy  �(b� Cx)
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Linear BP: a valid Primal-Dual 
inequality 

(Kleinert, Labbé, Schmidt, Plein)

<latexit sha1_base64="FVnEGUIk8/H+h8w2c096DCTAQMM="></latexit>

C�
i = min

x
Ci.x s.t. (x, y,�) is ‘feasible’

<latexit sha1_base64="otWPvqKA6sHeq9Blo/6HXX5cSjg=">AAACDXicbVDLSgMxFM3UV62vUZdugq0giGWmILosduOygn1AO5RM5k4bmnmYZMQy9Afc+CtuXCji1r07/8a0HURbDwROzrmH5B435kwqy/oyckvLK6tr+fXCxubW9o65u9eUUSIoNGjEI9F2iQTOQmgopji0YwEkcDm03GFt4rfuQEgWhTdqFIMTkH7IfEaJ0lLPLJX8ET7BXa4jHsG1e3z6c3E1g1tslXpm0SpbU+BFYmekiDLUe+Zn14toEkCoKCdSdmwrVk5KhGKUw7jQTSTEhA5JHzqahiQA6aTTbcb4SCse9iOhT6jwVP2dSEkg5Shw9WRA1EDOexPxP6+TKP/CSVkYJwpCOnvITzhWEZ5Ugz0mgCo+0oRQwfRfMR0QQajSBRZ0Cfb8youkWSnbZ2XrulKsXmZ15NEBOkTHyEbnqIquUB01EEUP6Am9oFfj0Xg23oz32WjOyDL76A+Mj2/9vJj5</latexit>

fy + �Cx� �b  0

<latexit sha1_base64="rwv2wOcdCPm/Vyztu3t9VaJbxQ4=">AAACIHicbVDLTgIxFO3gG1+oSzc3gomJgcyQGIwrohuXmgiSAJI7nQ40dB60HeOE8Clu/BU3LjRGd/o1FmSh6E3anJxzz23vcWPBlbbtDyszN7+wuLS8kl1dW9/YzG1t11WUSMpqNBKRbLiomOAhq2muBWvEkmHgCnbt9s/G+vUtk4pH4ZVOY9YOsBtyn1PUhurkKnUU3IOxHSWYe5AYQqcnUPBTOISzm+IdFKElzEgPwTWIDcAudHJ5u2RPCv4CZwryZFoXndx7y4toErBQU4FKNR071u0hSs2pYKNsK1EsRtrHLmsaGGLAVHs4WXAE+4bxwI+kOaGGCfvTMcRAqTRwTWeAuqdmtTH5n9ZMtH/cHvIwTjQL6fdDfiJARzBOCzwuGdUiNQCp5OavQHsokWqTadaE4Myu/BfUyyXnqGRflvPV02kcy2SX7JED4pAKqZJzckFqhJJ78kieyYv1YD1Zr9bbd2vGmnp2yK+yPr8AlSSgrw==</latexit>

Valid linear inequality: fy + C�x� �b  0
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Linear BP: a valid Primal-Dual 
inequality 

(Kleinert, Labbé, Schmidt, Plein)
<latexit sha1_base64="otWPvqKA6sHeq9Blo/6HXX5cSjg=">AAACDXicbVDLSgMxFM3UV62vUZdugq0giGWmILosduOygn1AO5RM5k4bmnmYZMQy9Afc+CtuXCji1r07/8a0HURbDwROzrmH5B435kwqy/oyckvLK6tr+fXCxubW9o65u9eUUSIoNGjEI9F2iQTOQmgopji0YwEkcDm03GFt4rfuQEgWhTdqFIMTkH7IfEaJ0lLPLJX8ET7BXa4jHsG1e3z6c3E1g1tslXpm0SpbU+BFYmekiDLUe+Zn14toEkCoKCdSdmwrVk5KhGKUw7jQTSTEhA5JHzqahiQA6aTTbcb4SCse9iOhT6jwVP2dSEkg5Shw9WRA1EDOexPxP6+TKP/CSVkYJwpCOnvITzhWEZ5Ugz0mgCo+0oRQwfRfMR0QQajSBRZ0Cfb8youkWSnbZ2XrulKsXmZ15NEBOkTHyEbnqIquUB01EEUP6Am9oFfj0Xg23oz32WjOyDL76A+Mj2/9vJj5</latexit>

fy + �Cx� �b  0

McCormick (1976) envelopes:    
<latexit sha1_base64="Xzk+XVpaYYLlgQea8Lf6E4c+sDk=">AAACAnicbVDLSsNAFJ34rPUVdSVuBluhbkJSEN0IxW5cVrAPaEOYTCbt0MkkzEzEGoobf8WNC0Xc+hXu/BunbRbaemDgcM493LnHTxiVyra/jaXlldW19cJGcXNre2fX3NtvyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsf1id++44ISWN+q0YJcSPU5zSkGCkteeZh+cGjlz2mEwHyKKzUvYxa4/vTsmeWbMueAi4SJyclkKPhmV+9IMZpRLjCDEnZdexEuRkSimJGxsVeKkmC8BD1SVdTjiIi3Wx6whieaCWAYSz04wpO1d+JDEVSjiJfT0ZIDeS8NxH/87qpCi/cjPIkVYTj2aIwZVDFcNIHDKggWLGRJggLqv8K8QAJhJVurahLcOZPXiStquWcWfZNtVS7yusogCNwDCrAAeegBq5BAzQBBo/gGbyCN+PJeDHejY/Z6JKRZw7AHxifP0VNlg0=</latexit>

zi = �i(Ci.x)

<latexit sha1_base64="r+rZcFNVSNFaouub8FtWjpIq99k="></latexit>

fy +
X

i

zi � �b  0

zi � �+
i Ci.x+ �iC

+
i � �+

i C
+
i

zi � ��
i Ci.x+ �iC

�
i � ��

i C
�
i
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To summarize

34

•Model correctly your problem  

•Beware of fake news 

•BLP’s are difficult to solve 

•Wide open field of investigation


