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Probability Distributions in Data Sciences

Probability distributions and histograms
— 1mages, vision, graphics and machine learning,....
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Probability Distributions in Data Sciences

Probability distributions and histograms
— images, vision, graphics and machine learning

.

o k)

b 4
< ERe =
Hecte LN, =
A EEETE, S et
o T P
=

SR
M i
< -
e
,,,,,,,, = o e =T K4 o
= S u
= S Saus my SRS RS
- - e b o i
PR R = e Eopl 5
7 bl - s T e e B R e !
= = ] - | -
- w - e tre .
- 3 B T e !
- &8 = =
-
" G = -

L

£ gt

[ ; B 3
o

Unsupervised learning 3
®

Observations: = 13" 6,

n 1= i

Parametric model: 0 — oy

Density fitting: m@in D(ap, 5) *9e

— takes 1nto account a metric d. o



1. Optimal Transport
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Monge’s Problem

Points (x;):, (¥;); o\a“
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Monge optimal matching: main Z d(w;, ya(i))
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— Seems intractable: n! possibilities.
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Kantorovitch’s Formulation

Q= Z?zl ai(s%’
B = Z;nzl bjéyj
Points ()i, (y;);

Weights a; > 0, b; > 0.

Z?:l A = 2321 b] =1

Discrete distributions:

Couplings: 2_; Pij = a 2. Pij=Db;
Kantorovich 1942] \ /

min {2, ;d(x:,4;)"Ps;; P >0, Pl =a, P 1, =b |
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Optimal Transport Distances
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Optimal Transport Distances
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Optimal Transport Distances

def.

Wp(&a 5) — 1 a
min d(x;,y; )PP, -)p @-
(P]l:a,PT]l:b 2,5 Ui Y5)"Pi; o
o -
min {/ d(x,y)Pdn(z,y) ; 711 = o, 9 = B} ‘
WEM}F(XQ) 2 K

Convergence in law: ap — 0

& Vfecl), Jyfdon = [, fdB

Gop ey b 4,

|0, —d.]1 =2 vs. W, (0., ,0,) = d(xp, )

Theorem: W, is a distance and a,, = 3 <& W,(a,,,5) = 0
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Algorithms

Linear programming: O(n’log(n)?)
Hungarian/Auction:  O(n’)

X — % Z?:l 5% ﬁ — % Z?:l 5yj
1-D case: sorting O(nlog(n)).

p=1 :
Wila, ) = min u(x)|dx
d — H , ” 1( 5) div(u):a—ﬁf H ( )H

— min-cost flow, on graphs O(n?log(n)).

Monge-Ampere/Benamou-Brenier, d = | - ||5.
Semi-discrete: Laguerre cells, d = | - |3.
Merigot 2013]

Need for fast approximate algorithms for generic d(x,y).
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Entropic Regularization

Schrodinger’s problem: [1931]
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Entropic Regularization

Schrodinger’s problem: [1931]
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Sinkhorn’s Algorithm
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Sinkhorn’s Algorithm

min {Z” d(z;,y;)PP; ; +eP; jlog(P; ;) ; Pl=a,P'1 = b}

P
Proposition: { Pl=a,P'1 =Db and Ay )P
. K. - déf' e ,L; !
P solution < ( Ju,v, P, = uw; K, ; v; 0]

P = diag(u)K diag(v) — a =P1 =diag(u)(Kv) =u® (Kv)
Row constraint: u® (Kv) =a Col. constraint: vo (K'u) =b

a b

Sinkhorn iterations: u < V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.

Matrix /vector multiplications: — O(n*/e*) complexity.

— Parallelizable on GPUs.
— Convolution on regular grids, separable kernels.
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Density Fitting and Generative Models

e n Oé@
Observations: [ = % o O °° 6‘ -
o) R >y @ K .‘
Parametric model: 0 — «y *% o
o
Density fitting: doag(x) = pe(x)dx
: n——+00 Maximum

e Z;log(p@(x@)) — KLlo0) iy clihood (MLE)
Generative model fit: oy = gg 4C

KL(B|ag) = +o00 ‘, 79 \
— MLE undefined. G Y,
— Need a weaker metric.

min W2, (a0, 5) < - A Les e 83



Deep Discriminative vs Generative Models
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Generative Models
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Examples of Images Generation
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Examples of Images Generation
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— Influence of €7
— Performance evaluation of generative models is an open problem.
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Toward high-dimensional OT:
— Scalable geometrical loss functions in high dimension?

— Performance quality measures for unsupervised learning?

AdIAT

MON



Conclusion

AdIAT

NOWINOD
< NOILYN
MIN® =

AN = =
SSTTp=
a >l

= SHOMVOIIINY =
NI ™I 1d0d

NOILVIINIO
m MON

on.Elt dald AL Brenier Villani

Toward high-dimensional OT"

% :f;;éézf;
— Scalable geometrical loss functions in high dimension?

— Performance quality measures for unsupervised learning?

Metric learning for OT"

— Adversarial training to

leverage multi scale priors?




Conclusion

ldAYIAT

NOWNOD
“%]NOILVN
MHNS'-!R--'.*L' -

«
=

o P = 2
SSTT
l =

= SHNOMVOIIINY =

NI ™M T Td O3

NOILVIINIO
naw MON

Brenier Villani

S
;3;
¢ 3
N ODEIREY
« LA Y
NIWOM S ' l Lavd JN0D
I c
ONOT =
2
Q
=

Toward hlgh dimensional OT: i
— Scalable geometrical loss functions in high dlmen81on7

— Performance quality measures for unsupervised learning?’

Metric learning for OT"

— Adversarial training to

leverage multi scale priors?

Beyond comparing measures: c

— Learning for surfaces, graphs, metric spaces?
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— Using Gromov-Wasserstein geometry”?



