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Uncertainty in Dynamical Systems
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Motivation |n§/A\\U

Robust vs Probabilistic

Robust Optimization:
Consider the optimization problem

min  f(x)
st. glz,u) <0 Yueld

with objective function f, constraint g, decision vector x, parameter u and uncertainty set U4.

Probabilistic Constrained Optimization:
Consider the optimization problem

min  f(x)
st. P(g(z,6) <0) > «

with objective function f, constraint g, decision vector x, random variable ¢ and probability level a.
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Gas Network Optimization EAU

Mathematical Modelling

D gas pressure v gas velocity gravitational constant
P gas density A/D  pipe friction Q pipe slope

S

Isothermal Euler Equations

pr+ (pv)y =0
A .
(po)i+ (p+ pv7), = =5 5pvIv] = gpsin(a)

/ \
() (0 & O ()

Source: Inlet Pressure Compressor Station Sink: Gas Outflow
plt) = ol poult) _ (p0)(8) = bit)
Pin(?)

Coupling Conditions

Conservation of Mass: Z(pv)in(t) = Z(pv)out(t), Continuity in Pressure:  pin = Pout
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Gas Network Optimization
The Optimal Control System

=AU

Let bounds for the pressures 0 < pumin < Pmax b€ given at every node. Consider the optimal control problem

min
ueL?(0,T)

s.t.

fu)

pr+ (pv), =0

(pv) + (p+pv*), = —%
p(t) = po(t)

(pv)(t) = b(?)

> (pv)in(t) = (pv)ou(t)
Pin = Pout

pout(t)
Pin(t)
p(t) €

= u(t)

[pmina Pmax } vVt € [0, T]

pvlv| — gpsin(a)

on every edge

on every source node

on every sink node

on every inner node

for every compressor

on every node
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Gas Network Optimization EAU

Uncertainty and Probabilistic Robustness

15 random gas demand scenarios

We a posteriori assume that the consumers gas demand b(?) is L
random:

wor

* Write boundary condition b(t) as Fourier series

5—1

160
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o
gas outflow g in kg
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b(8) = D Emlw) ay(b) Y(t) =
m=0 121]0 5 10 15 20
timetinh

Probabilistic Robustness

For a control u*, the probability
P(b € M(u*,t) Vte|0,T])

is called probabilistic robustness of u*, where M (u*,t) contains all constraints of the optimal control problem.
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Gas Network Optimization

Uncertainty and Probabilistic Robustness

P(b e M(u*,t) Vtel0,T])

(a) Well-known distribution (colored), unknown
set of feasible loads (grey)

gas dynamics\

]P(pw(t) = [pmina pmax] Vite [O,T] )

hY

(b) Unknown distribution (grey), well-known set
of feasible pressures (orange)

=AU
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Probabilistic Robustness EAU

Stochastic Collocation

* Let an optimal control u(t), inlet pressures py(x) and a ny-dimensional random gas outflow be given

* We approximate the pressure p(t, z, b*) in the stochastic space by stochastic collocation on a Smolyak sparse grid
with Clenshaw-Curtis nodes

! ! .
. . 05t 0.5 -
® For a multi-index i € N and a natural number k& € N we = -
define the constant S e - RO~ pou
_ ktns—lil [ T — 1 - : . = =
C' — _]. . . -0.5 ° 0'5--..0 poss
! ( ) (k _|_ TLS - ‘I‘ e o ° § . e o :E :

7 SO i )
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Y4 Y,

® The approximated pressures are given by the Smolyak formula with level £ > 0

Sklp(t,z, - )] = Z Ci (U(“) ® - ®U(i”5)) p(t,z, - )],
k+1 Iéeiliskﬂ—ns

where the ) for m = 1, - - - , ng are the interpolation operators on one dimension.
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Probabilistic Robustness EAU

Kernel Density Estimation

° Let B={b>(t), - ,b>"ke(t) | be independent and identically distributed random boundary functions

o Let Pg = { p(t;b™),- - -, p(t; b>oe) L be the corresponding densities at the end of the pipe (given by the
approximation of the solution in the stochastic space)

téf{l()i%} p*(t) € | Pmin, Pmax ]

P(p(E) € [powms pmas ] VEEOTT) = P | s p(6) € [ pn, o
t€[0,T
p(b1) ;== min p(t;bs’l) (bNKDE) = mm p(t; bSNKDE)
o Let{ |_ tel0.7] e tel0.T] C R?? be a sample of the minimal and
p(b1) ;= max p(t; bs’l) ’ " PN ) = max p(t; bS’NKDE) -

te[0,T] t€[0,7]
maximal densities in |0, 7’|

NKDE d S p b | Z‘z p b
.( Z) ) .< ')
,7 . 7j .7 7/

FAU M. Schuster A posteriori Probabilistic Robustness Check 9/13



Probabilistic Robustness EAU

Kernel Density Estimation

P(5(0) € [prin pras) VEO.TN) = [ Gveels) ds

[ min 7pmax]d

Nkpe d 215 — p,(bi) ’ 225 — Dj (b ) 2
J D J j
/ - - hmax ) Z HeXp ( < NG hrf“ - cexp | — /2 pma dz
KDE H i=1 j=1 J ’

Jj=1"7
pml’lme
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Probabilistic Robustness EAU

Kernel Density Estimation

P(5(0) € [prin pras) VEO.TN) = [ Gveels) ds

[pmin 7pmax] d

Nkpe d 215 — p,(bi) ’ 225 — Dj (b ) 2
J P, J Py
/ - o hmax BRI Z HeXp < T cexp | — /3 dz
KDE H] 11 i=1 j=1 J !

pm m pde

Nekpe  d Pmax 21— D (b) 2 Pmax = (b 2
)\ 22, pj( Z)
exp , dzy ;- / exp | — - dzy
NKDE Hg X h;nln hmax 27T d ; }_[1 / ( < \/§ h;mn ) J ( \/5 h?a > J

Pmin
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Probabilistic Robustness EAU

Kernel Density Estimation

P(5(0) € [prin pras) VEO.TN) = [ Gveels) ds

[pmin 7pmax] d

Nkpe d 215 —p.(b@') ’ 22,5 — ﬁ(b) 2
. g J J\7
/ < s hmax ) Z H exp ( < 7 hrfwin cexp | — /2 hmax dz
KDE H i=1 j=1 J !

Jj=1""

pm in pmdx d

J T\ 22,9 pj( i)
exp , dzy ;- / exp | — - dzy
NKDE HJ X h;nm hmax 27'(' d ; jl_[l / ( < \/§ h;ﬂln ) J ( \/5 h;na ) J

Pmin

N d — —
KDE Pmax — P (bz) Pmin — P (bl) max — D4 (b i — D (D;
d Z H ert ( = ) — erf ( — ) - | erf (p p]‘( )) — erf (p pj-< ))
" N T2 = V2 Vol VT e
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Probabilistic Robustness EAU

Optimization with Buffer Zones

Let bounds for the pressures 0 < pmin < Pmax b€ given at every node. For € > 0 consider the optimal control problem

Bon T

pr+ (pv)s =0

s.t. A _ on every edge
(p0)i+ (p+ ), = =55 pv[v] = gpsin(a)
p(t) = po(t) on every source node
(pv)(t) = b(t) on every sink node

in(t) = t
Z<pv)'”( ) Z<pv)°“t( ) on every inner node
Pin = Pout
t

Poull) _ u(t) for every compressor
pin(t)
p(t) € [pmin + €, Pmax — € ] vVt € [0,T] on every node
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Numerical Example
Result for GasLib-11

=AU

Probability that Pressure p in the Network is feasibl
I I I I

e resp. infeasible vs. Compressor Costs
I I T I

T T 14.40
-1 14.00
62.5 bar 628 bar 63.2bar 63.6 bar
¥ 0, 0,
100 622 bar 00/0 Oc/o O/g{ 0 A]} -1 13.60
0% 1% 0.1% 0%
39.7 bar 39.9 bar 40.0 bar
80 - 62.0 bar 13% 39.5 bar -13.20
L —. 60 - 12.80
© source e junction - compr. ° 61.8 bar /39 0 bar
® sink — pipe station — 0%
> 40+ - 12.40
% 61.6 bar
20 - 12.00
40 'g 61.2 bar
o | 0% 411,60
©35. 97% 386 bar '
2
§ 307 - 38.2 bar 111.20
S I P(p <40 bar) and min(p) in [bar]
ﬁ 25+ - T P(p > 70 bar) and max(p) in [bar]| | 10-80
o /\/ —0— P (40 bar < p < 70 bar )
20 1 —e— Compressor Costs -110.40
0 5 10 15 20 | | | | | | | | | |
time in [h] 10.00
U 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Buffer Zones [bar]

Compressor Costs
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A posteriori Probabilistic Robustness EAU

Check for Deterministic Controls

[Schuster, Strauch, Lang, Gugat, 2023]: An a posteriori Probabilistic Robustness Check for Deterministic Optimal Controls. Preprint
[Schuster, 2021]: Nodal Control and Probabilistic Constrained Optimization using the Example of Gas Networks. Dissertation at FAU
Erlangen-Nurnberg

[Strauch, 2023]: Adaptive Multi-Level Monte Carlo and Stochastic Collocation Methods for Hyperbolic Partial Differential Equations with
Random Data on Networks. Dissertation at TU Darmstadt

FAU M. Schuster A posteriori Probabilistic Robustness Check 13/13



