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Gas Network Modelling EAU

The Isothermal Euler Equations

The isothermal Euler equations for ideal gases:
Density att=0h

(ISO1) »

€

Pt + 4z = 07 %44_
2 >

q A qlq| 242
oo (5o ) =il g

P ). 2D p © 40
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Inlet density & Gas outflow length in km
Flowatt=0h

160 F
p(t,0) = polt), .
q(t, L) = b(t) B

£ 140
Initial condition 3

130 - | | | |

p(0, ) = pini(x), 0 5 10 |engu115in . 20 25 30
0,z) = gini(z).

see Gugat and Ulbrich (2018): Lipschitz solutions of initial boundary value problems for balance laws. Math. Models Methods Appl. Sci., 28(5): 921-951
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Gas Network Modelling EAU

Gas Flow in Pipeline Networks

D gas pressure v gas velocity gravitational constant
P gas density A/D  pipe friction Q pipe slope

S

Isothermal Euler Equations

pr+ (pv)y =0
A .
(po)i+ (p+ pv°), = =5 5pvI0] = gpsin(a)

/ \
() (0 & O ()

Source: Inlet Pressure Compressor Station Sink: Gas Outflow
plt) = ol poult) _ (p0)(8) = bit)
Pin(?)

Coupling Conditions

Conservation of Mass: Z(pv)in(t) = Z(pv)out(t), Continuity in Pressure: pin = Pout
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Gas Network Modelling EAU

Model Simplifications

(ISO1) - quasilinear model

pt""Qsc:O

2 F
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(ISO2) - semilinear model subsonic flow: [v] = M e

pt+Qx:O

A glq]
qt + Ps = —ET

- L9
: stationary flow: 5 = 0
(ISO4) - stationary model
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Optimal Compressor Location EAU

Mathematical Modelling

* The stationary gas flow for ideal gases on a single pipe is given by
A

q(x) =0b (const.), p(x)=pi—o¢blblz with ¢= ) RsT, x€l0,L]
* Where to place compressor stations on a pipe? 7
‘e - N\
Do v o (711) b
— ~ A ~ _/
L1 e L2 =L — Wive

* The stationary gas flow with compressor station for ideal gas is given by
pi(z) =p;—obb z € 0, Ly]
p3(x) =upi — ¢ b b (u L1+:13) x € [0, Lo]

® Consider pressure bounds on the pipe

pl(l') S [pminapmax} p1<0) < Prmax; pl(-[/l) 2 Pmin;

pQ(x) S [pminapmax} pQ(O) S Pmax; pZ(LQ) 2 Pmin
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Optimal Compressor Location EAU

Deterministic Optimization

Consider the following optimization problem: . giiL """"""""""""
( min o’ S R N L ________________________
u’mc % 5 10 15 0 . 15
©pPT1) ¢ st piL1) = Pmin, P20) < Pmax,  P2(L2) = Prin, “ e
u =1, ol
\ zo € [0, L. o AR S U USROS NSO DR B~

20 25
pipe length [km]
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Optimal Compressor Location EAU

Deterministic Optimization

Consider the following optimization problem: i S EZL """"""""""""
( min o’ S L ________________________
u,rc 35 - % . o
(OPT 1) ! st pi(L1) = pminy p2(0) < Pmaxs  P2(L2) = Pmin, “ e
w1,

Lemma

Let po € [Pmin, Pmax] @nd b > 0 be given.

(i) For L < ﬁ%ﬁgr every point (u, z¢) with uw = 1 and z¢ € [0, L] is a solution of the optimization problem (OPT 1).

i) F Po—Prin L < P6-+Pihex—2 Prnin imizati i i * ek i *
(if) For <35 <L < Faat the optimization problem (OPT 1) has a unique solution (u*, xf,) with «* > 1
and z¢ € [0, L].

2 2 ; . . . .
(iii) For L > p0+p(g‘ag |b2| Pmn the optimization problem (OPT 1) does not have a solution.
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Optimal Compressor Location EAU

Probabilistic Optimization

Gas outflow b is random in the sense that optimal deterministic solution
o R il R i R R R R -
b=Ew). &~ N0
Consider the following optimization ul |
problem: B i il
’ . 2 0 5 10 15 20 25 30
min u-, pipe length [km]
re ( ) optimal probabilistic solution
pi(L1) > Dmin
pz(O) < Pmax E
st. P > a, Py
(OPT 2) { p2(L2) > Pmin -
p2(L2) < Dmax g
Uu Z 1, ! ! | I I I
0 5 10 15 20 25 30
\ Ic < [0, L] pipe length [km]

Lemma

If (v*, x7,) with «* > 1 is a solution of (OPT 2), then the probabilistic constraint is active.
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Optimal Compressor Location EAU

Probabilistic Optimization

Let po € [pmina Pmax } be given.
(i) If there exists a pair (u, x¢) with uw = 1 and x¢ € [0, L], that satisfies the constraints of (OPT 2), then every pair

(u, xc) with w = 1 and z¢ € [0, L] is a solution of (OPT 2).
(ii) If there exist a pair (u, z¢), that satisfies the constraints of (OPT 2) and if (u, x¢) with u = 1 is infeasible for at
least one x¢ € [0, L], then there exists at least one solution (u*, },) of (OPT 2) with «* > 1 and zf, € [0, L].
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Optimal Compressor Location EAU

Probabilistic Optimization

Let po € [pmina Pmax } be given.

(i) If there exists a pair (u, x¢) with uw = 1 and x¢ € [0, L], that satisfies the constraints of (OPT 2), then every pair
(u, xc) with w = 1 and z¢ € [0, L] is a solution of (OPT 2).

(ii) If there exist a pair (u, z¢), that satisfies the constraints of (OPT 2) and if (u, x¢) with u = 1 is infeasible for at
least one x¢ € [0, L], then there exists at least one solution (u*, },) of (OPT 2) with «* > 1 and zf, € [0, L].

pe(2)
05—
0.38 ]

Let a > % be given. For a Gaussian dis-
tribution, Statement (ii) in the last Theorem

guarantees the existence of a unique solu- 0.25¢ l
tion (u*,zf) of (OPT 2) with v* > 1 and
i 0.13 | |
zg € 0, L].
0 2

101234567
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Optimal Compressor Location EAU

Mathematical Modelling on Networks

* Consider a connected, directed graph G = (V, £) with vertex set V and set of edges £
* Binary variables J; states if a compressor location is located on edge ¢;

* The stationary gas flow for ideal gas on pipe ¢; is given by
pii(x) =pi1(0) = d g lg| = z €0,0; za,l
pio(x) = (1= 6 + 6 wi)p; 1 (Lix) — ¢ i |ai] = r € [0,L -9 xcy

* Uniqueness in general mainly depends on the graph topology

o—— > —)®—»—)—0—)—0

v v

p1(z) pa(7)

(a) Scheme of a symmetric graph with one source and two sinks (b) Scheme of a linear graph with one source and n sinks
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Optimal Compressor Location
Deterministic Optimization on Networks

Consider the deterministic optimization problems

(OPT 3)

\

m
min - ully =),
u,zC,0 1

st foralli=1,---,m,we have
Pia(Li1) = Prin,
0i2(0) < Pmax,
Pi2(Li2) > Dmin,
u >1, zc; €10,L;], 9 €{0,1},

Z 5j = ngc,

j=1

(OPT 4)

9

min
u,xc :57710

s.t.

m
luly =,
=1

foralle =1, --- ,m, we have
Pi(Li1) = Prin,
pi2(0) < Prax,
Pi2(Li2) > Dmin,

u > 1, zo; €10, L],

m
E (5j = nc.
j=1

6 € {0,1},

=AU
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Optimal Compressor Location

Deterministic Optimization on Networks

=AU

Consider the deterministic optimization problems

/ m
: 2 _ 2
min - ully =3 ul,
i=1
st foralli=1,---,m,we have
Pia(Li1) = Prin,
pi,Q(O) < Pmax;

pi2(Li2) > Dmin,
u; > 1, Toy,; € [0, LZ],

Z 5j:n07

\ Jj=1

(OPT3) <

6; € {0,1},

(OPT 4)

9

\

min
u,xc :57710

s.t.

m
lul = uf,
i=1

foralli =1,---,m, we have
Pi(Li1) = Prin,

Pi2(0) < Pmax,

pi2(Li2) > Pmin,

u; > 1, Toy; € [O,LZ], 52 € {O, 1},
m

Z (5j = Nc.

7=1

For all v; € Vi, let pio € [Pmin, Pmax) be given and for all v; € Vot let b; > 0 be given. Further let a number

ne € {0,--- ,m} be given.

(i) If atriple (u,zc,0) € R™ x R™ x R™ withwu; = 1forall j =1,--- ,m satisfies the constraints of (OPT 3), every

triple (1,,,, z¢, 0) with z¢ ; €

[0, L], 6; € {0,1} and > '7 | 6; = nc is a solution of (OPT 3).

(ii) If there exists a triple (u, z¢, ) € R™ x R™ x R™ that satisfies the constraints in (OPT 3), and if (1,,,, ¢, d) is
infeasible for at least one pair (z¢, §) with z¢; € [0, L;] and §; € {0, 1}, the optimization problem (OPT 3) has at

least one solution.
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Optimal Compressor Location
Probabilistic Optimization on Networks

Consider the probabilistic optimization problems

/ m
. 2 2
min Ul = u;,
min, ol =3
Pei(Li1) = Pmin
<
st p| P20 = pmac g S
pk,Z(Lk,Q) 2> Pmin
(OPT6) < Pe2(Li2) < Dmax
andforalli =1,--- ,m, we have
U; Z ]-7 I'O,i S [07 L’L]7 62 S {07 1}7
> % =nc,
\ Jj=1

(OPT 7)

min
uaxCa(;ynC

s.t.

m
lully = i,
i=1

=AU

Pei(Le1) = Pmin
<
]P) pk,Q(O) >~  DPmax Vk _ 17 cem Z ,
Pk2(Lk2) > Dmin
Pe2(Li2) < Pmax
andforall: =1,--- ,m, we have
U; Z 17 xc,i S [07 Ll]7 62 S {07 1}7
Z 5]' = N¢.
j=1
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Optimal Compressor Location
Probabilistic Optimization on Networks

Consider the probabilistic optimization problems

/ m
. 2 2
min Ul = u;,
wwed || ||2 Zz:; 7
pk,l(Lk,l) 2> Pmin
<
st P| P20 = Prma VE=1,---,m | > aq,
pk,2(Lk,2) 2 Pmin
(OPTB) < Pe2(Li2) < Dmax
andforalli =1,--- ,m, we have
U; Z ]-7 IC,i S [07 L’L]v 57, S {07 1}7
> % =nc,
\ j=1

min
uaxCaéanC

s.t.

\

m
lully = i,
i=1

=AU

pk,l(Lk,l) 2> Dmin
<
]P) pk72(0) —_ pmaX Vk: 1’... ,m 2 a,
pk,2(Lk,2) 2 Pmin
pk,Z(Lk,Z) < DPmax
andforall: =1,--- ,m, we have
U; Z ]-7 'Tc,i S [07 L2]7 62 S {07 1}7
Z 5]' = N¢.
j=1

Let pio € | Pmin, Pmax | b€ given for every node v; € V. Further let a number ne € {0, -+, m} be given.
(i) If there exists a triple (u, z¢,0) € R™ x R™ x R™ with v = 1,,, that satisfies the constraints of (OPT 6), then

every triple (1,,, ¢, d) with z¢; €

[0, L], 6; € {0,1} and Y '", §; = nc is a solution of (OPT 6).

(ii) If there exists a triple (u, z¢, ) € R™ x R™ x R™, that satisfies the constraints of (OPT 6), and if (1,,, ¢, d) is
infeasible for at least one pair (x¢, §) with z¢; € |0, L;] and § € {0, 1}, then (OPT 6) has at least one solution.
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Optimal Compressor Location EAU

A Numerical Example on a Diamond Graph

. . Variable Letter Value Unit
A scher_ne of a diamond graph with 1 source (blue) inlet pressure 0 50 bar
and 3 sinks (red): lower pressure bound Pmin 40 bar
upper pressure bound Pmax 00 bar
gas outflow (=mean value) b (=u) [90, 60, 120] kg/m?s
covariance matrix b)) diag(2.25, 2.25, 2.25)
speed of sound in the gas ¢ 343 m/s
pipe friction coefficient A0
pipe diameter D 0.5 m
specific gas constant Rg 515 J/kg K
gas temperature T 293 K
probability level « 0.8

flow profiles

70—
60 —|
8 50

7]
D 40 —|

10
30 —|
5
0
20

20 25 -10 . I I I I I I ]
coordi . 30 35 y-Coordinate [km] 0 5 10 15 20 25 30 35
x-Coordinate [km] x-Coordinate [km]

y-Coordinate [km]
& & IS N o N ~ o ©
T T T T T T 1

20 25 30 35
x-Coordinate [km]
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Optimal Compressor Location EAU

A Numerical Example for Transient Gas Flow

_ o (i o P S — R R R B
* Consider the probabilistic wic
example for the stationary flow on pi(L1) > Prin R — I — ceoeoiiTTEe
a single pipe pop| 2O = Pmac | o LR
g p p (OPT 2) < S p2(L2) Z pmin Z optimal probabilistic solution
TR T . p2(L < Pmax g
* Solve the probabilistic constraint o ()
optimization problem for o = 90% \ ve € [0.1] e
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Optimal Compressor Location EAU

A Numerical Example for Transient Gas Flow

optimal deterministic solution
T T

: I ( min W N e S S —
* Consider the probabilistic wic
example for the stationary flow on pi(L1) > Prin R — I — ceoeoiiTTEe
a single pipe vop| 20 = pmac | L
g p p (OPT 2) < S pQ(LQ) Z pmin Z optimal probabilistic solution
ape g . p2(L < Pmax
* Solve the probabilistic constraint o AL2)
optimization problem for o = 90% \ ve € 0.1].

°* Randomize the boundary data in time by a Wiener process

* The probabilistic robustness of the steady state control is :9"_“"“”E“‘“‘”””"’”“”
P1 (t, Ll) Z Pmin é e —
p2<t7 0) S pmax g 175
P Ve [0,T = 85.74%
p2<t7 LQ) Z pmln [ } 0 170
pa(t, L) < Pmax e

time [h]
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Optimal Compressor Location EAU

A Numerical Example for Transient Gas Flow

Pressure profiles at t = 0 min
I I I

——feasible scenarios infeasible scenarios

NI E)
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