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Motivation |;/A%\\U

Probabilistic Constraints

Consider the optimization problem

min  f(z)

reX

st. P(g(z,8)<0)>a

with objective function f, constraint g, decision vector x, random variable ¢ (with probability distribution and density
function) and probability level a.
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Motivation |;/A%\\U

Probabilistic Constraints

Consider the optimization problem

min  f(z)

reX

s.t. ]P’(g(x,f) < 0) > o

with objective function f, constraint g, decision vector x, random variable ¢ (with probability distribution and density
function) and probability level a.

How can we evaluate the probability?
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Probabilistic Constraints

Consider the optimization problem

min  f(z)

reX

s.t. ]P( g(x, &) < 0) > «
with objective function f, constraint g, decision vector x, random variable ¢ (with probability distribution and density
function) and probability level a.

We have

with
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Motivation |;/A%\\U

Probabilistic Constraints

Consider the optimization problem

min  f(z)

reX

st. P(g(z,8)<0)>a

with objective function f, constraint g, decision vector x, random variable ¢ (with probability distribution and density
function) and probability level a.

We have

P(g(r,€) <0) = / oe(2) dz,

M(x)

with
M(z)={we 2|g(z,{w) <0}

Is there a ,better” way to compute this probability?
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Motivation |;/A%\\U

Probabilistic Constraints

Idea: Forward transformation of M along g

—2
0 -1
b2 L2
(a) Well-known distribution (colored), unknown set of (b) Unknown distribution (grey), well-known set of
feasible loads (grey) feasible pressures (orange)
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Mathematical Background EAU

Kernel Density Estimation

Definition: Kernel Density Estimator

Let YV = {y1, - ,Ynpes C© R” be i.i.d. samples of the random variable Y, which has an absolutely continuous
distribution function with probability density function p. Let K be a n-dimensional kernel function.
Then the kernel density estimator oy, corresponding to the bandwidth matrix 7 € R"*" is defined as

KDE

ONe(2) = Niog det(H Z K( (2 - y@))

y \\ kernels ? \ kernels i N
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(a) KDE with 10 samples (b) KDE with 50 samples (c) KDE with 100 samples

A. Gramacki (2018): Nonparametric Kernel Density Estimation and its Computational Aspects. Springer International Publishing
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Evaluating Probabilities
Application of the KDE

® Let S = {s1, -, SN D€ independent and identically distributed samples of the random variable .
° Let Gs(z) = {g(z, s1), -+, g9(x, SN )} DE the corresponding sample of the constraint ¢ (also independent and

identically distributed) for x € X.
Multivariate Gaussian kernel Diagonal bandwidth matrix

Hi; = h* (Zne )i

K(z) = (2717)% exp (—% H2H2> . ((n+ ;)NKDE)m

M. Schuster (2021): Nodal Control and Probabilistic Constrained Optimization using the Example of Gas Networks. Dissertation, FAU Erlangen-Nurnberg, Germany, 2021.

https://opus4.kobv.de/opus4-trrib4/frontdoor/index/index/docId/410
M. Schuster, E. Strauch, M. Gugat, J. Lang (2022): Probabilistic Constrained Optimization on Flow Networks. Optim. Eng. 23, pp. 1-50.
517
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Evaluating Probabilities
Application of the KDE

SN s D€ independent and identically distributed samples of the random variable &.
,g(x, snoe )} be the corresponding sample of the constraint g (also independent and

o LetS ={s1, -,
° Let Gs(z) = {g(z, s1), -

identically distributed) for x € X.
Diagonal bandwidth matrix

Multivariate Gaussian kernel
2
H;; = h* (XNeoe )i

Nkpe n 2
ZH <_}(Zj—9j($»8i)) )
NKDE det V 27T 2 Hj,j
M. Schuster (2021): Nodal Control and Probabilistic Constrained Optimization using the Example of Gas Networks. Dissertation, FAU Erlangen-Nirnberg, Germany, 2021

https://opus4.kobv.de/opus4-trrib4/frontdoor/index/index/docId/410
M. Schuster, E. Strauch, M. Gugat, J. Lang (2022): Probabilistic Constrained Optimization on Flow Networks. Optim. Eng. 23, pp. 1-50
517
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Evaluating Probabilities EAU
Application of the KDE

:/< ]NKDEdeuH ZJH 127r <_§( ¢£SZ>))“

Nxoe

| gj(x, s;)
: E ” ex — L dz;
NKDE det 5 1 = /oo 2T b ( 2( Hj,j ) ) !

M. Schuster (2021): Nodal Control and Probabilistic Constrained Optimization using the Example of Gas Networks. Dissertation, FAU Erlangen-Nirnberg, Germany, 2021.
https://opusd.kobv.de/opusd-trrib4/frontdoor/index/index/docId/410
M. Schuster, E. Strauch, M. Gugat, J. Lang (2022): Probabilistic Constrained Optimization on Flow Networks. Optim. Eng. 23, pp. 1-50.
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Evaluating Probabilities
Application of the KDE

=AU

(—00,0]" fVKDE<jet i—1 j— 2ﬂ' 2 ]¥5J
Nkpe n 0 2
1 1z — gj(x, SQ) )
- exp | — = dz;
NKDEdet( 5 Zq/m P ( 2( Hj,j ’
Gauss error function: erf(x eXp — t2 dt
NV /

M. Schuster (2021): Nodal Control and Probabilistic Constrained Optimization using the Example of Gas Networks. Dissertation, FAU Erlangen-Nirnberg, Germany, 2021.
https://opusd.kobv.de/opusd-trrib4/frontdoor/index/index/docId/410
M. Schuster, E. Strauch, M. Gugat, J. Lang (2022): Probabilistic Constrained Optimization on Flow Networks. Optim. Eng. 23, pp. 1-50.
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Evaluating Probabilities EAU
Application of the KDE

o 1z — gi(x,s)\°
- : o i ICIE 0 W
/( 0p" NKDEdet 2 Zzljl_ll 27r ( 2( o ) )
Nkpe n 0 2
1 ( 1 (zj — gj(x, Sz)> )
- exp | — = dz;
NKDE det( 5 Z]‘_[l/oo 2 Hj,j ’

Gauss error function: erf(x / exp (—t°) dt
\/7
probability via KDE
] &L gi(z, s;)
P e ( 9(z,€) <0) = - 1 —erf [ 2222
o Nkpe2" <= H V2 H;;

M. Schuster (2021): Nodal Control and Probabilistic Constrained Optimization using the Example of Gas Networks. Dissertation, FAU Erlangen-Nirnberg, Germany, 2021.
https://opusd.kobv.de/opusd-trrib4/frontdoor/index/index/docId/410
M. Schuster, E. Strauch, M. Gugat, J. Lang (2022): Probabilistic Constrained Optimization on Flow Networks. Optim. Eng. 23, pp. 1-50.
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Probabilistic Constrained Optimization EAU
Application of the KDE

We consider the following probabilistic constrained optimization problem and its approximation:

min  f(x) mi)rg f(x)
(PNKDE) { "

(Poo) { reX
st. P(g(z,6)<0)>a st Prge(9(2,6) <0) >a

We assume, that both problems have at least one solution.

M. Schuster (2025): On the Convergence of Optimization Problems with Kernel Density Estimated Probabilistic Constraints. Accepted in Appl. Set-Valued Anal. Optim.
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Probabilistic Constrained Optimization EAU
Application of the KDE

We consider the following probabilistic constrained optimization problem and its approximation:

mi}g f(x) mi)rg f(x)
(POO) { " (PNKDE) { e
st. P(g(z,£)<0)>a St Pre(9(2,6) <0) > a

We assume, that both problems have at least one solution.

Let 2* be a solution of (Ps,) with P( g(z*,£) < 0) > a. Then there exists Nype* sufficiently large, s.t. 2* is also a
solution of (Py,,.) for all Nxpe > N* P-almost surely.

M. Schuster (2025): On the Convergence of Optimization Problems with Kernel Density Estimated Probabilistic Constraints. Accepted in Appl. Set-Valued Anal. Optim.
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Probabilistic Constrained Optimization EAU
Application of the KDE

We consider the following probabilistic constrained optimization problem and its approximation:

Hli/% f(x) mi)rg f(x)
(POO) { " (PNKDE) { e
st. P(g(x,6) <0)>a st P (9,6 <0) > a

We assume, that both problems have at least one solution.

Theorem 1

Let 2* be a solution of (Ps,) with P( g(z*,£) < 0) > a. Then there exists Nype* sufficiently large, s.t. 2* is also a
solution of (Py,,.) for all Nxpe > N* P-almost surely.

Theorem 2

If the KDE PP-almost surely uniformly converges for every x € X, and if (z}, _)nee>1 iS @ convergent sequence of
solutions of (Py,,.), then its limit z* is P-almost surely a solution of (Ps).

M. Schuster (2025): On the Convergence of Optimization Problems with Kernel Density Estimated Probabilistic Constraints. Accepted in Appl. Set-Valued Anal. Optim.
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Probabilistic Constrained Optimization EAU
Application of the KDE

We consider the following probabilistic constrained optimization problem and its approximation:

miy f(z) miy f(a)
(POO) { e (PNKDE) { e
st. P(g(z,£)<0)>a St Pre(9(2,6) <0) > a

We assume, that both problems have at least one solution.

Theorem 1

Let 2* be a solution of (Ps,) with P( g(z*,£) < 0) > a. Then there exists Nype* sufficiently large, s.t. 2* is also a
solution of (Py,,.) for all Nxpe > N* P-almost surely.

Theorem 2

If the KDE PP-almost surely uniformly converges for every x € X, and if (z}, _)nee>1 iS @ convergent sequence of
solutions of (Py,,.), then its limit z* is P-almost surely a solution of (Ps).

Theorem 3

If £* is a unique solution of (Py,) and if f(z) — f(x*) < e only in an area around z*, then there P-almost surely exists
a convergent sequence of solutions of ( Py, ).

M. Schuster (2025): On the Convergence of Optimization Problems with Kernel Density Estimated Probabilistic Constraints. Accepted in Appl. Set-Valued Anal. Optim.
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Application to Gas Flow in Pipelines
Motivation

© BMWi, Fernleitungsnetzbetreiber

Pyeongtaek

YELLOW SEA

Mokpo

Jeju

JEJU ISLAND
Seogwipo

Yeosu Tongyoung

e Existing pipelines
- == Under construction
Publicly-owned
LNG import facilities
@ Privately-owned
LNG import facilities

© International Energy Agency

=AU
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Application to Gas Flow in Pipelines EAU
Gas Network Modelling

D gas pressure v gas velocity gravitational constant
P gas density A/D  pipe friction Q pipe slope

S

Isothermal Euler Equations

pr+ (pv)y =0
A .
(po)i+ (p+ pv°), = =5 5pvI0] = gpsin(a)

/ \
() (0 & O ()

Source: Inlet Pressure Compressor Station Sink: Gas Outflow
plt) = ol poult) _ (p0)(8) = bit)
Pin(?)

Coupling Conditions

Conservation of Mass: Z(pv)in(t) = Z(pv)out(t), Continuity in Pressure: pin = Pout
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Application to Gas Flow in Pipelines

The Isothermal Euler Equations

=AU

The isothermal Euler equations for ideal gases:

density in kg m™

(ISO)

pt"'Qz:O;

2 F
q A" qlq|
+{fp+=) =—=—.
qt (CP p)x 2D p

Inlet density & Gas outflow

Gugat and Ulbrich (2018): Lipschitz solutions of initial boundary value problems for balance laws.

S-1

o

flow in kg m’

Density att=0h

46
44
42
40
0 10 15 20 25 30
length in km
Flowatt=0h
160 [ '
150 -
140
130 i 1 1 1 1
0 10 15 20 25 30
length in km

(K]« D][>]

Math. Models Methods Appl. Sci., 28(5): 921-951
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Application to Gas Flow in Pipelines EAU

Stationary Gas Networks

Deterministic optimization

max
min > ph 1610
Ddet .
s.t. Gas Network Model, = Dget = | 92.04
51.08

min max

Di € [ i Dget, z]

Probabilistic optimization

po | p™™ |outflow ¢ | covariance| o |
20 0
OB =z=
00 2 Ppro o
s.t. Gas Network Model, = Dprob = ggi‘;

P(pi€ [P, ppax.] ) > 0.75.

How good is the optimal deterministic solution in the probabilistic setting?
IP( be M(pget) ) ~ 35.4%

https://gaslib.zib.de/
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Application to Gas Flow in Pipelines EAU

Time Dependent Uncertainty

15 random gas demand scenarios

.
Random Boundary Functions L
* Write a function f as Fourier series ) er
. 3 160
F(t) = an(f) ¥ml)
m=0 gﬁﬂ
* For random variables &, ~ N (1, o) define % ol

random scenaros

fw (t) — Z é-m (w) a/g"L (f) wm (t) ©or ::""a. _:::» deterministic gas outflow
m=0 ‘

120 ! ! ;
0 5 10 15 20
timetinh
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Application to Gas Flow in Pipelines EAU

Time Dependent Uncertainty

15 random gas demand scenarios

180
Random Boundary Functions
* Write a function f as Fourier series 7 ST N\
00 & 160 /- = —
0 2
Ft) = an(f) Yult) :
m—0 '5150
o
* For random variables &, ~ N (1, o) define % ol ’.
fw(t) — Z gm(w) aS"L(f) wm(t) hl \\;11’/ deterministic gas outflow
m=0 vy . . . random scenarios
120
0 5 10 15 20

timetinh

Time dependent probabilistic constraint

P(f*e M) Vtel|0,T]) > «

,We want to guarantee that a percentage « of all possible random scenarios is feasible in every point in timet € [0, T].“

FAU M. Schuster Probabilistic Constrained Optimization on Flow Networks 12/17



Application to Gas Flow in Pipelines EAU

Dynamic Probabilistic Constraints

o Let B={b>(t), - ,b”"wE(t) } be independent and identically distributed random boundary functions
* There exists a solution p € C(0,T; L*(0, L)), i.e. the densities are continuous in time

o Let Pg = { p(t;b>1),-- -, p(t; b>"oe) 1 be the corresponding densities at the end of the pipe

min p(t, L) € [p™", p"]

P ( p(t, L) c [pmin,pmax] Vit € [O,T] ) = P t;%z}g p(t, L) c [pmin7pmaX]
te|0,

FAU M. Schuster Probabilistic Constrained Optimization on Flow Networks 13/17



Application to Gas Flow in Pipelines EAU

Dynamic Probabilistic Constraints

o Let B={b>(t), - ,b”"wE(t) } be independent and identically distributed random boundary functions
* There exists a solution p € C(0,T; L*(0, L)), i.e. the densities are continuous in time

o Let Pg = { p(t;b>1),-- -, p(t; b>"oe) 1 be the corresponding densities at the end of the pipe

min p(t, L) € [p™, p"]

min _max o t€[0,T] |
P ( p(ta L) S [p s P ] Vi € [O,T] ) - P max p(t,L) c [pm|n7pmax]
t€[0,T
by) = min p(t; b5 bNy) = min p(t; N
. The sample B( 1) té?&%] 10( 7 Sl) o B( NKDE) tg[l(}%] p( : N ) c p2n
S(by) = t b ) " 5(b — ¢ b5 Nroe =
p(b1) o p(t: 0> P(bNyoe) s p(t; )

is a sample of random numbers and we can apply the KDE-approach as introduced before.
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Application to Gas Flow in Pipelines EAU

Dynamic Probabilistic Constraints

pw(t)@ (150) @bvl(t) ) | ™ | ¢ M| D] L |T]|a)
146.75 kg/m?* | 34 kg/m? | 343 m/s | 0.1] 0.5 m |30 km | 24 h | 90% |
Deterministic Optimization Probabilistic Optimization
D Pl min 5%,
e pprob
s.t. Isothermal Euler Equations, s.t. Isothermal Euler Equations
plt, L) € [p™, p3a] P (plt. L) € [p™, pes] ¥t € [0,T]) > 0.9,
= ot =42.15 kg/m? = ooy = 42.49 kg/m’

How good is the optimal deterministic solution in the probabilistic setting?
P(b(t) € M(t;pge’) VE€[0,T]) =~ 50%

FAU M. Schuster Probabilistic Constrained Optimization on Flow Networks 14/17



Application to Gas Flow in Pipelines EAU

Probabilistic Robustness

Let bounds for the pressures 0 < pmin < Pmax b€ given at every node. For ¢ > 0 consider the optimal control problem

min  f(u,q
ol (u,q)
pr + (pv)e =0 )
A _ on every edge
(po)e+ (p+ pv°), = =55 pv[v] = gpsin(a)
p(t) = po(t) on every source node
st (PU)(t) =0(t) on every sink node % Gas Network Model
inll) = t
ZW’)'”( ) ZWU)W( ) on every inner node
Pin = Pout
t
Poull) _ u(t) for every compressor
pin<t) J
p(t) € [pmm + €, Pmax — € } vVt € [0,T] on every node } State Constraint

FAU M. Schuster Probabilistic Constrained Optimization on Flow Networks 15/17



Application to Gas Flow in Pipelines EAU

Probabilistic Robustness

Probability that Pressure p in the Network is feasible resp. infeasible vs. Compressor Costs
I T I T I T I I

T T 14.40
632bar 636bar | 00
o——o 62.5 bar 028 bar o ar o a
62.2bar 0% ;’} °} 11360
0.1% 0%
39.7 bar 39.9 bar 40.0 bar
L 62.0 bar 1 143.20

N

o

o
I

o
o

%)
. ) — 60 -112.80 @
O source o junction compr. ° 8
® sink  — pipe station =
2 40r 11240 %
:
20 - —112.00
40 ) 612 bar ’g_
[
0%
T a5 a ,L " 111.60 §
fS)
=
S30; f 38.2 bar 1120
ke, I P(p <40 bar) and min(p) in [bar]
§ 25¢ 1 T P(p > 70 bar) and max(p) in [bar]| | 10-80
S /\/ —0— P(40 bar < p < 70 bar )
201 1 —e— Compressor Costs —-10.40
0 5 10 15 20 | | | | | | | | | | 10.00
time in [h] 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Buffer Zones [bar]

Schuster, Wilka, Strauch, Lang, Gugat (2025): Probabilistic Robustness for Compressor Controls in Transient Pipeline Networks. Preprint to be submitted soon.
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